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Abstract. Given a torus bundle Y over the circle and a coliomology class 
[u>] S H^{Y; Z) which evaluates non-trivially on the fiber, we compute the Hee- 
gaard Floer homology of Y with twisted coefficients in the universal Novikov 
ring. 



1. Introduction 

Heegaard Floor homology was introduced by Ozsvath and Szabo in [Til HI] , it 
provides powerful invariants for closed oriented 3-manifolds. There is also a filtered 
version, called knot Floer homology, for null- homologous knots [151 [19]. It turns out 
that Heegaard Floer homology provides much geometric information. For instance, 
it can detect fibrations. Work of Ghiggini [?] and Ni [3] shows that knot Floer 
homology detects fiberedness in knots. 

Turning to closed fibered 3-manifolds, note that a 3-manifold which admits a 
fibration tt : Y —f- has a canonical Spin'' structure, obtained as the tangents 
to the fibers of tt. In [13], Ozsvath and Szabo prove 

Theorem. Let Y be a closed Z-manifold which fibers over the circle, with fiber F 
of genus g > I, and let t be a Spin'^ structure over Y with 

(ci(t),[F])-2-2g. 

Then for i, we have that 

HF+iY,t)^0; 

while 

HF+{Y,e) ^ Z 

In fact, Yi Ni proved a converse to the above statement in [TU] which states: 

Theorem. Suppose Y is a closed irreducible 5-manifold, F C Y is a closed con- 
nected surface of genus g > 1. Let HF^{Y, [F], 1 — g) denote the group 

HF^{Y,B). 

seSpm<=(y),(ci(5),[F]>=2-2g 

Lf H F^ {Y, [F], 1 — g) = Z, then Y fibers over the circle with F as a fiber. 

For g ~ 1, the methods in the above proofs fail. In his paper [TU], Ni wrote 
that Ozsvath and Szabo suggested to him to use Heegaard Floer homology with 
twisted coefficients in some Novikov ring in order to extend to the genus 1 case. 
Investigating the 5 = 1 case of the aforementioned theorems formed the motivation 
for this paper. Much is known, however, about the Floer homology of torus bundles. 
For instance, John Baldwin has already computed the untwisted Heegaard Floer 
homologies of torus bundles with bi (Y) = 1 in ^ . 
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In this paper, we use Heegaard Floer homology with twisted coefficients in the 
universal Novikov ring, A, of all formal power series of the form 



where the coefhcients G M, see [51 Section 11.1]. Given a cohomology class 
[lo] G H^{Y; Z), a can be given a Z[/f^(F; Z)]"module structure, and this gives rise 
to a twisted Heegaard Floor homology HF ^{Y\ A^^). This version was first defined 
in [Til section 10] and can also be derived from the definition of general twisted 
Heegaard Floer homology in [12] . We will describe this group explicitly in Section 
12.11 It is worth noting that Heegaard Floer homology with twisted coefficients in a 
certain Novikov ring has already been studied extensively in [5] . The main theorem 
we prove in this paper is the following. 

Theorem 1.1. Suppose Y is a closed oriented 3-manifold which fibers over the 
circle with torus fiber F , [uj] G H^(Y; Z) is a cohomology class such that Ll>{F) 0. 
Then we have an isomorphism of A-modules 



Remark 1.2. In the setting of Monopole Floer homology, a corresponding version 
of this theorem was proved in [SI Theorem 42.7.1]. In an upcoming paper [I], it is 
proved that the converse of the above theorem also holds, i.e the twisted Heegaard 
Floer homology determines whether an irreducible 3-manifold is a torus bundle over 
the circle. 

This paper is organized as follows. Wc provide a review of Heegaard Floor ho- 
mology with twisted coefficients in section [51 including the most pertinent example, 
X S^. In section [3] we prove a relevant exact triangle for w-twisted Heegaard 
Floer homology and prove Theorem ll.il 
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We recall the construction of Heegaard Floer homology with twisted coefficients, 
see [12] and [TB] for more details. To a closed oriented 3-manifold Y we associate a 
pointed Heegaard diagram (5],a,/?, z), where E is an an oriented surface of genus 
g > 1 and a = {ai, ag} and (3 = .../3g} are sets of attaching circles (assumed 
to intersect transversely) for the two handlebodies in the Heegaard decomposition. 
These give a pair of transversely intersecting g-dimensional tori T„ = ai x • • • x 
and = /3i x • ■ • x /?g in the symmetric product Sym^{Yj). Recall that the 
basepoint z gives a map Sz : Tq, flT^ ^ Spin'^iY). Given a Spin'^ structure s on Y, 
let S C Tq n be the set of intersection points x e n T/j such that Sz(x) = s. 

Given intersection points x and y in Tq n T^, let 7r2(x, y) denote the set of 
homotopy classes of Whitney disks from x to y. There is always a natural map 
from 7r2(x, x) to H^iY; Z) obtained as follows: each (j) £ 7r2(x, x) naturally gives rise 




IIF+{Y;A^)9^A. 



2. Review of Twisted Coefficients 
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to an associated two-chain in E whose boundary is a collection of circles among the 
a and /3 curves. We then close off this two-chain by gluing copies of the attaching 
disks for the handlcbodies in the Heegaard diagram for Y . The Poincarc dual of 
this two-cycle is the associated element of }i^{Y\ Z). 

Given a Spin"^ structure 5 on F and an 5-admissible Heegaard diagram (E, a, /3, z) 
for an additive assignment is a collection of maps 

A = {A^.y : 7r2(x,y) ^ Z)}x,ygs 

so that: 

• when X y, Ax.x is the canonical map from 7r2(x, x) onto H^{Y; Z) defined 
above. 

• A is compatible with splicing in the sense that if x, y, u G 6 then for each 
01 e 7r2(x, y) and 02 e 7r2(y, u), we have that *02) = ^(0i) +A{(j)2). 

• A^^yiS * 0) = Ax,y(0) for S G ^2(^J/mf (Sg)). 

Additive assignments may be constructed with the help of a complete system of 
paths as described in |12j . 

We write elements in the group-ring Z[H^{Y; Z)] as finite formal sums 
12geH'^{Y-z.)''^9 ' ^'^^ ^ ^- universally twisted Heegaard Floer complex, 

CF_°°{Y,s;Z[H^{Y;Z)],A), is the free Z[ifi(F; Z)]-module on generators [x,i] for 
x G 6 and i G Z. The differential, 9°°, is given by 

Here ^^(0) denotes the Maslov index of 0, the formal dimension of the space A4(0) 
of holomorphic representatives, nz{<j)) denotes the intersection number of with the 
subvariety {z} x Sym^'^CS) C Sym^CS), and A1(0) denotes the quotient of M{(j)) 
under the natural action of E. Just as in the untwisted setting, this complex admits 
a Z[J7]-action via U : [x, i] i-^ [x,i ~ 1]. This gives rise to variants CF ^ , CF ~ , and 
CF , denoted collectively as CF ° . The homology groups of this complexes are the 
universally twisted Heegaard Floer homology groups HF ° . 

More generally, given any Z[i/^(y; Z)]-module M, we may form Floer homol- 
ogy groups with coefficients in M by taking HF °(Y,s: M) as the homology of the 
complex 

CF_°{Y,5- M, A) C£°(r,s; Z[H\Y- Z)], ^) ®z[m{YM M. 

For instance, by taking AI ~ Z, thought of as being a trivial Z[iJ^(y; Z)]-module, 
one recovers the ordinary untwisted Heegaard Floer homology, CF°{Y,s). 

In it is proved that the homologies defined above are independent of the 
choice of additive assignment A and are topological invariants of the pair (1^,5). As 
in the untwisted setting, these groups are related by long exact sequences 

^ HF:{Y, s; M) ^ HF + {Y, s; M) HF + (F, 5; M) ^ • • • 

and 

^ HF_- {Y, B- M) HF °° {Y, s; M) HF + {Y,s; M) ^ • ■ • 

Of course, the chain complex CF ° (1", s; M) is obtained from the chain complex in 
the universally twisted case, CF °{Y,s\ Z[H^{Y; Z)]), by a change of coefficients and 
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hence the corresponding homology groups are related by the universal coefficients 
spectral sequence ([3]). 

2.1. twisted Heegaard Floer homology. In this section wc briefly recall the 
notion of w-twisted Heegaard Floer homology, following [TTl (TB] . 
The universal Novikov ring is defined to be 



A = J ^ arf 

IrGK 



ar G K, ^{ar\ar ^ 0, r < c} < oo for all c £ ^ 



endowed with the following multiplication law which makes it into a field: 



rSK rGR rSR sSl 

t2/ 



Furthermore, by fixing a cohomology class [uj] e H'^{Y;M.) we can give A a 
Z)]-module structure via the ring homomorphism induced by: 

7 ^ /y 7 ^ ^ " 

When wc arc interested in its Z[i7^(y; Z)]-module structure, we denote it as A 
This Z[i?^(y; Z)]-module structure gives rise to a twisted Heegaard Floer homol- 
ogy HF '^ {Y\ A,,,), which we refer to as cu-twisted Heegaard Floer homology. More 
concretely, it can be defined as follows. Choose a weakly admissible pointed Hee- 
gaard diagram (E, a,/3, z) for Y and fix a 2-cocycle representative cu G [uj]. Every 
Whitney disk </> in Sym^(S) (for Tq, and T^) gives rise to a two-chain [0] in Y by 
coning off partial a and /3 circles with gradient trajectories in the a and P handle- 
bodies. The evaluation of oj on [0] depends only on the homotopy class of 4> and is 
denoted /j^j uj (or sometimes a;([0])). The w-twisted chain complex CF_'^{Y; A^) is 
the free A-module generated by [x, i] with a; G nT^ and integers i > 0, endowed 
with the following differential: 

9+[x,z]= J2 E #>f('^)[y, (</))] -i^i*!". 

Its homology is the tj-twisted Heegaard Floer homology HF ^{Y\ K^). Notice that 
this group is both a module for Z[i7^(y;Z)] and a module for A. Notice that 
although the differential depends on the choice of 2-cocycle representative w G [w] , 
the isomorphism class of the chain complex only depends on the cohomology class. 
The advantage of using this viewpoint is that wc avoid altogether the notion of an 
"additive assignment" . It is easy to see, however, that the complex defined above is 
isomorphic to one obtained by chosing an additive assignment and then tensoring 
with the Z[i7i(r; Z)]-module A^. 

Suppose : Yi ^ ^2 is a 4-dimensional cobordism from Yi to Y2 given by a sin- 
gle 2-handle addition and we have a cohomology class [lo] G H^{W; M). Then there 
is an associated Heegaard triple (E, a, /?, 7, z) and 4-manifold Xa[3-y representing 
W minus a one complex. Similar to before, a Whitney triangle ip G 7r2(x, y, w) de- 
termines a two-chain in Xap-y on which wc may evaluate a representative, to £ [lu]. 
As before, this evaluation depends only on the homotopy class of ip and is denoted 
by Jj^j to. This gives rise to a A-cqui variant map 

E^,^-- HF_+{Y,-K\,^)^HF_+{Y2;KwJ 
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defined on the chain level by 



yeT^nT^ ^e7r2(x,e,y) 

where G T/j n T-y represents a top dimensional generator for the Floer homology 
HF^^{Yp^) = ^*H^{Y|3^) ® Z[C/] of the 3-manifold determined by the Hecgaard 
diagram (S, /?, 7, 2;), which is a connected sum ^^~^{S^ x S"^). These maps may be 
decomposed as a sum of maps, 

according to Spin'^ equivlence classes of triangles, just as in the untwisted setting. 
This can be extended to arbitrary (smooth, connected) cobordisms from Yi to Y2 
as in [18| . These maps also satisfy a composition law: if Wi is a cobordism from Yi 
to Y2 and W2 is a cobordism from Y2 to Y3, and we equip Wi and W2 with Spin*^ 
structures Si and S2 respectively (whose restrictions agree over Y2), then putting 
W = Wi#Y2W2, for any [uj] e i72(V;R) we have 

P+ o F+ — \^ +F~^ 

—W2,S2-Mw2 —Wi,Si;lu\wi ~ ^i-W,s;uj- 

{seSpi7i''(W):s\wi=^i} 



2.2. Example: S"^ x S^. In this section we calculate twisted Hecgaard Floer ho- 
mologies of X S^. We start with the universally twisted version HF (S^ x 
S'2;Z[t,t-i]), where we have identified Z[H^{S^ x S^;Z)] ^ Z[t,t-i], the ring of 
Laurent polynomials. x has a standard genus one Heegaard decomposition 
(S, a, (3) where a is a homotopically nontrivial embedded curve and (3 is an isotopic 
translate. For simplicity, we only compute HF . We make the diagram weakly ad- 
missible for the unique torsion Spin'^ structure So by introducing cancelling pairs 
of intersection points between a and (3. This gives a pair of intersection points x"*" 
and x~ . We next need an additive assignment. Notice there is an obvious periodic 
domain consisting of a pair of (nonhomotopic) disks Di and D2 connecting and 
x~ . When capped off, the periodic domain gives a sphere representing a genera- 
tor of H2{S^ X 5*^; Z) = Z. Hence taking Poincare dual we recover a generator of 
H^{S^ X 5*2; Z) Z. Identifying H'^{S'^ x 5^; Z) ^ Z, an additive assignment must 
assign 1 to this domain. One way this can be done is by assigning 1 to and 
to I?2- Hence we see that the complex CF (S^ x S'^; Z[t, t~^]) is just 

— ^ z[t, t-^] Z[t, ^ . 

Here, the first copy of Z[t,t^^] corresponds to a;+ and the second corresponds to 
x~ . This complex has homology Z, with trivial Z[t, t~^]-action. If we keep track 
of gradings, we get the universally twisted Floor homology 

HF(S^ X S^; Z[t, t-^]) = Z(_ 1) 

supported only in the torsion Spin'^ structure Sq. 

Now let's turn to an w-twisted example. We can view x as 0-surgery 
on the unknot in S'^ . Put /i a meridian for the unknot. Then ^ defines a curve. 
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also denoted fi, in x 5^. Put [ui] = d ■ PD[iJ,] for an integer d. The complex 
CF(S^ X A„) is 

^ A ^ A *-0 . 

for some c G M. Notice when dj^O, {I - f^) is invcrtible in A. Hence 

HF(S^ X S^;A^) = 



when d^Q 

A ® A when d = 



As a final example, we prove a proposition regarding embedded 2-spheres in 
3-manifolds and tj-twisted coefficients. We begin with the following 

Lemma 2.1. Let Yi and Y2 be a pair of closed oriented 3-manifolds and fix co- 
homology classes [uii] G H'^{Yi;'Z). By the Mayer- Vietoris sequence we get a corre- 
sponding cohomology class Wi#tJ2 e H'^{Yi^Y2-, Z) = iJ^ ( ; Z) © i?^ (I2 ; Z) . Then 
we have an isomorphism of A-modules 

HF.{YiW2]K^#u.,) = HF.{Yi]K^)®KHF{y2]K.,). 

Proof. This follows readily from the methods of proof of [HI Proposition 6.1] and 
the fact that A is a field. □ 

This allows us to prove 

Proposition 2.2. Let S C Y^ he an embedded nonseparating 2-sphere in a 3- 
manifold Y. Suppose [uj] G H'^{Y\'L) is a cohomology class such that uj{[S]) ^ 0. 
Then HF+(Y-A,„) = 0. 

Proof. Just as in the untwisted theory, HF+(Y\ M) vanishes if and only iiHF_{Y; M) 
vanishes, so it suffices to show that HF {Y\ A,,,) = 0. Notice that Y contains an 
X summand in its prime decomposition. Hence Y = x S'^ifY' for some 
3-manifold Y' . Now w G H'^{Y;'L) ^ H'^{S^ x S^]Z) ® H^iY'-I.) corresponds to 
classes wi G H'^{S^ x S'^]Z) and cja e H'^{Y']'L) with uJi([S]) ^ 0. We already 
know that HF jS^ x S'^;K^^) = from the above calculation, so the proposition 
follows from Lemma [2. II □ 

3. Exact sequence for w-twisted Floer homology 

In this section we first prove a long exact sequence for the w-twisted Heegaard 
Floer homologies and then use it to prove Theorem ll.il It is interesting to notice 
that there is a similar exact sequence in Monopole Floer homology with local co- 
efficients, see [Zl Section 5]. Our proof is a sHght modification of the proof of the 
usual surgery exact sequence in Heegaard Floer homology. 

Let K G Y he framed knot in a 3-manifold Y with framing A and meridian 
Given an integer r, let Yr{K) denote the 3~manifold obtained from Y by doing 
Dehn surgery along the knot K with framing A+r/z. Let rj C Y — nbd{K) be a closed 
curve in the knot complement. Then for any integer r^rjfZY — nbd(K) C Yr{K) 
is a closed curve in the surgered manifold Yr{K), we denote its Poincare dual by 
[ojr] £ H'^{Yr{K)-,Z). Also note that rjxL represents a relative homology class in the 
corbordisms Wq: Y ^ Yo{K), : Yq{K) Yi{K) and W2 : Yi{K) Y. So as 
in Section ETTl it gives rise to homomorphisms between w-twisted Floer homologies: 

Pwo;PDi^>^ir HF+{Y-K)^HF_+{Y^{K)-K^,X 
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F+.^.p^^,^,,y. HF+{Yo{K)-K^,)^HF_+{Y,{K)-K,), 

and 

F+,,,PD(.,^iy HF+{Y,{Ky,A^J^HF+{Y;A^), 
where uj = PD{rf) G H'^{Y\Jj). We denote the corresponding maps on the chain 
level by ^r^, and fj", respectively. 

Theorem 3.1. The maps above form an exact sequence of A-modules: 
(1) HF+{Y;A^) ^HF+{Yo{K);A^^) 



HF+iY,iKy,A^,) 

Furthermore, analogous exact sequences hold for "hat" versions as well. 

Proof. Find a Hcegaard diagram (S, {ai, • ■ • , ag}, • ■ • , (3g}, z) compatible with 
the knot i.e K lies in the handlcbody specified by the /3 curves and /3i is a merid- 
ian for K. For each i > 2 let 7^, &i be exact Hamiltonian isotopies of fii. Let 71 = A, 
b\ = A + /i, be the 0-framed and 1-framed longitude of the knot respectively. 
We assume the Heegaard quadruple (E, a, /3, 7, 5, 0) is weakly admissible in the 
sense of [TT]. It is easy to see that Yafi = Y , Ya-y = Yq{K), Y^s = Yi{K), and 
Yp^^Y^s = Yps = #'-^S-' xS\ 
Following [17], we define a map 

hy. CF+{Y;A^)^CF+{Yi{Ky,A^,) 

by counting holomorphic rectangles: 

Similarly we define h2 : CF+ (Yn(K)- A,„^) CF+(Y: A^) and 
hs: CF_+{Y^{KyA^,)^CF_+{Yo{K)-A^,). 

We claim that hi is a nuUhomotopy of fit, ,,0 fj", . To see this, 

we consider the moduli spaces of holomorphic rectangles of Maslov index 0. This 
moduli spaces can have 6 kinds of ends: 

(1) splicing holomorphic discs at one of its 4 corners, and 

(2) splicing two holomorphic triangles. Triangles may be spliced in two ways: 
one triangle for Xap^ and one triangle for Xa-yS, or one triangle for Xajis 
and one triangle for Xp^s 

Notice PD{rj x /) is when restricted to the corners Yp^ and Y^g: in fact, we can 
make rj x I disjoint from these manifolds since 77 may be pushed completely into 
the a-handlebody, L/q,, by cellular approximation (see figure [1]). 
This imples that 

CF+iYpY,ApD(rrxi)wJ = CF+{Yp^) ®^A 

and all differentials are trivial (informally, we are using an "untwisted" count) . For 
the end coming from splicing two holomorphic triangles, one for Xa^s and one for 
Xjs^s, it is also true that PD{t] x /) is when restricted to the 4-manifold Xp^s 
(again, since rj may be pushed completely into Ua). Therefore we are counting 
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r] X I 




/3<5 



T] X I 



Figure 1. Schematics of the 4-manifold Xa/s-yS and its decompositions. 



holomorphic triangles in Xp^s without twisting. In |12| it is shown that the un- 
twisted counting of holomorphic triangles in Xp^g is zero. This leaves three terms 
remaining: 

(1) splicing a disc at corner Yap counted with twisting by PD{rj x /)|y„p, = 
This corresponds to hi o d. 

(2) splicing a disc at corner YaS counted with twisting by PD{ri x I)\y^s — [^i]- 
This corresponds to d o hi, and 

(3) splicing two holomorphic triangles from Xap-y and Xa-yS counted with twist- 
ing by PD(ri x /). This corresponds to ft,, „„, o /+ 

o J \ I / r- ±.Wi:,PD{rixI) ±-Wo;PD{t]X I) 

From the fact that the moduli space must have total end zero, it is clear that the 
sum of the above 3 terms are zero, i.e hi is a homotopy connecting -pDi^jxi) ° 

the homology level. The same argument shows that ^^^.^.pp,)-,^^/) °— w'i PP>(?)x/) ^ ^ 
and F+,^.p^^^^j^ oF+,^,p^^^^j^ = as well. 

At last we prove that Sequence ^ is exact. Using the homological algebra 
method in [T7| we need to show that /i o /+ + /+ o /i is homotopic to the identity 
map. This can be done by counting holomorphic pentagons and noticing that 
PD{r] X /) is zero when restricting to Yp^jY-ySjYsp' jXp-^s, X^sp' and Xp^sp' (this 
follows since we may assume that 77 C Ua)- This shows that the counts there are 
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"untwisted" . From this observation one can easily see that everything in the proof 
of exactness in jT7] can go through to our twisted version. □ 

In the above theorem, the cohomology classes [uj^] Sivc integral. In practice 
one may need to use real cohomology class as well. In that situation, for a given 
homology class [ui] G iJ^(F;]R) we can express it as finite sum 

where rji are closed curves in the knot complement and a,; G M. Each rji can be 
viewed as a closed curve in Yr{K), so the expression ^ aiPD{rii) also gives a real 
cohomology class in Yr{K), denote by [ujr] G H"^ {Yr{K);W) . In the coborsim Wr, 

a^PD{ij, X /) 

is a real cohomology class in H^{Wr; M), hence gives rise to homomorphism between 
w-twistcd Floer homologies. With this understood, it is easy to see that Theorem 
OstiU holds. 

Remark 3.2. The exact sequence in Theorem \3.1\ depends on rj, not just its 
Poincare dual [to] G H^(Y; Z). In fact if we take another closed curve r( ^ rf + k ■ ^ 
(where fi is a meridian of K), this doesn't change [lo], but may change [luq], [lui] and 
the exact sequence. For example, take K C to be the unknot and r] ~ k ■ ^ in 
the knot complement, then [wq] is k times the generator of H^{S^ x S'^;Z). When 
k ^ 0, the corresponding exact sequence for the hat version is 

>HF.{Sl (K) ; ) ^ HF{Sf {K);A^,) ^ HF.iS'' ; K) ^ ■ ■ ■ 



^ A ^ A 

Clearly it depends on k. When k ~ 0, the exact sequence is obtained from the 
corresponding exact sequence for untwisted Heegaard floer homology by tensoring 
with A. 

In [TO, Ozsvath and Szabo used another version of twisted Floer homology 
HF+(Y[ [uj]). which is defined by using the Z[H^ {¥ ; Z)]-module Z[R]. The w- 
twisted Floer homology we used in this paper can be viewed as a completion of 
HF ^(Y; [llj]). It is easy to see that there is a similar exact sequence in their context. 
More precisely, we have the following exact sequence: 



(2) HF+iY;[Lo]) ^ HF+iYoiKy,[LUo]) 




HF+{Yi{K);[u;,]) 

With the above exact sequences in place, we can now prove Theorem 11.11 We 
merely mimic the proof of Theorem 5.2 in [13] . 

Proof of Theorem \l.l\ For a given cohomology class [lo] G H'^{Y\Jj) with lo{F) = 
d 7^ 0, choose a closed curve rj dY such that its Poincare dual PD{ri) equals [ui\. 
Since the mapping class group of a torus is generated as a monoid by right-handed 
Dchn twists along non-seperating curves, we can connect Y to the three-manifold 
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Sq{T), which is obtained from by performing 0-surgery on the right-handed 
trefoil, by a sequence of torus bundles 

TT, : y' ^ 

and cobordisms 

such that the monodromy of differs from that of by a single right-handed 

Dehn twist along a nonseparating knot Ki which lies in a fiber Fi of tt^ . The curve 
r] G Y induces curves rji C Y"^ which can be assumed disjoint from Ki. In this 
way, we get a sequence of cohomology classes uJi = PD{r]i) e H^{Y^;Z) such that 
ijJi{Fi) = d ^ 0. The cobordism Wi is obtained by attaching a single 2-handle 
to X J along the knot Ki with framing —1 (with respect to the framing Ki 
inherits from the fiber Fi). Since rji is disjoint from Ki^ rji x I defines a relative 
homology class [rji x /] G H2{Wi, dWi] 1) and hence its Poincarc dual gives rise to 
homomorphisms between w-twisted Floor homologies: 

We claim it is an isomorphism. Notice that = (y)_i(A'i) where the 0- 

framing of Ki is defined to be the framing Ki inherits from the fiber, Fi. Now 
consider (y)o(ifi). This manifold contains a 2-sphere Si (which is obtained from 
Fi by surgering along Ki) and also an induced curve rji such that rji ■ Si = d ^ 
therefore HF ^ {{Y'^)o{Ki)\ Kpni,-iA) = by proposition [2]2l The exact sequence ([J) 
now proves the claim. 
This shows that 

HE+{Y-K)^HF_+{Sl{T)-KpD^^^)) 

where rj is the induced curve in S'g(T). We now identify the latter group. For 
simplicity we write uj = PD{ij). Identifying 'L[H'^{Sl{T);'L)] with Z[i, t^^], Ozsvath 
and Szabo show in that there is an identification of Z[<, i^^]-modulcs: 

{Z if fc = -l/2(mod 2)and fc > -1/2 
Z[t,i-i] iffc = -3/2 
otherwise 

Where the lefthand group is the universally twisted Heegaard Floor homology of 
Sl{T), the Z's on the right are trivial Z[i7i (S'^(T); Z)]-modulcs, and Z[t,i-i] is a 
module over itself in the natural way. By definition. 

We now apply the universal coefficients spectral sequence. We need only compute 
Tovq^*'^ ' (Z, A^). We start with the free Z[i, t^-'^] -resolution of Z: 

^ Z[<, i-i] -^-^ Z[t, t-'^] ^ Z ^ . 

Tensoring this complex over Z[<, t^^] with A„ and agumcnting gives the complex 

i-t" 

^ A ^ A ^0 . 

Since we're working over A and d ^ 0, the middle map is an isomorphism and we 
see that Torq ' (Z, A^^) = for all q. Applying the universal coefficients spectral 
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sequence, we obtain an isomorphism of A-modules HF ^ (Sq(T): A,,,) = A. Hence 
we have a A-modulc isomorphism 

HF+iY;A^)^A. 

Clearly HF ^(Y\ A,,,) is supported in a single Spin"^ structure, since A is a field. 
Notice also that this Spin^ structure must be torsion by the conjugation symmetry 
oiHF°. □ 



It is worth noting that alternate proofs of this theorem and proposition 12.21 are 
possible through the use of inadmissible diagrams, which have been explored by 
Zhong Tao Wu. 
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